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Solving the equations of motion for mixed atomistic and coarse-grained systems

Jong Hyuk Park and Andreas Heyden*

Department of Chemical Engineering, University of South Carolina, 301 South Main Street, Columbia, SC 29208, USA

(Received 8 January 2009; final version received 6 March 2009)

A mixed-resolution molecular dynamics technique is presented that permits simulation of large and complex systems that
critically depend on a subtle interplay between energy and entropy and, therefore, require both an accurate energy evaluation
and an extensive sampling of a large and complex phase space. The computational approach is based upon the idea that
many complex systems can be spatially divided into a relatively small active zone (that requires an accurate energy
evaluation but, due to its relatively small size, only a limited sampling of phase space) and a relatively large inactive zone
(that requires a less accurate energy description but the sampling of a very large phase space). Mixed-resolution models that
use an accurate atomistic model for the active zone and an efficient coarse-grained model (that lumps groups of atoms into
pseudo-atoms) for the inactive zone are ideally suited for these systems. One challenge in mixed-resolution simulations is
creating a seamless connection between low- and high-resolution zones that exchange groups of atoms. We derive a mixed-
resolution Hamiltonian and present a microcanonical simulation protocol that conserves energy and momentum and allows
for a change in resolution of selected groups of atoms during a simulation. The method is applicable to simulations in other
ensembles and for systems with multiple high-resolution zones. To illustrate the numerical stability of our technique, we
present simulation results for a system of mixed-resolution methane molecules.

Keywords: multiscale; simulation; coarse-graining; symplectic; dynamics

1. Introduction

All-atom (AA) molecular dynamics (MD) simulations

[1,2] of condensed phases and polymeric and biomolecular

systems have resulted in significant insights into the

molecular-scale phenomena that control these complex

systems. However, many processes that occur in liquids,

soft materials and biomolecular systems happen over time

and length scales that are well beyond the current

capabilities of AA simulations even for the most powerful

parallel soft- and hardware. As a result, new computational

approaches that permit the statistically meaningful

investigation of longer time and length scale phenomena

continue to be developed. One currently popular approach

is the coarse-grained (CG) simulation which is based upon

the idea that atomistic resolution is often not required for

understanding phenomena that occur over millisecond

time scales and hundreds of nanometre length scales. CG

models lump a group of atoms into a pseudo-atom whose

motion is governed by a simplified potential. Thus, they

require the evaluation of fewer interactions [3] that are

often shorter ranged and ‘softer’ than atomic interactions

[4,5]. Since this permits the use of longer and more

efficient time steps in a MD simulation [6,7], CG

simulations are overall often multiple orders of magnitude

more efficient than AA simulations. The main challenges

that emerge in CG simulations are (i) the determination of

an accurate CG potential energy function [8] and (ii) the

intrinsic limited transferability of CG models. As a result,

the predictive power of CG methods has been questioned

[9]. To understand the challenges in obtaining reliable and

predictive CG models, it is important to note that many

processes depend on free energy differences so that a CG

potential energy function should satisfy

expð2F=kBTÞ ¼ ðconst:Þ

ð
dqAA expð2VAAðqAAÞ=kBTÞ

< ðconst:0Þ

ð
dqCG expð2VCGðqCGÞ=kBTÞ; ð1Þ

where F is the Helmholtz free energy of the system,

VAA(qAA) is the atomistic system potential energy,

VCG(qCG) is the CG system potential energy, T is the

thermodynamic temperature, kB is the Boltzmann

constant, and (const.) and (const.0) are normalisation

constants. Equation (1) illustrates that certain degrees of

freedom have been integrated over during the transform-

ation from AA coordinates, qAA, to CG coordinates, qCG,

and that therefore, the CG potential is actually a free

energy (the so-called many-body potential of mean force)

in CG variables that includes some entropic contributions.

Consequently, CG potential energies are in principle,
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thermodynamic-state dependent and should be functions

of the system size (number of atoms), system volume and

system temperature. The functional dependence of the CG

potential energy on these state variables is currently

unknown and, furthermore, system dependent. As a result,

Izvekov and Voth [5,10] and Noid et al. [11,12] recently

presented a multiscale approach that determines the CG

potential from an atomistic simulation. While very

powerful, such a multiscale approach that requires an

atomistic simulation that samples the relevant phase space,

is computationally expensive and has, unfortunately, often

only limited predictive power.

To combine the efficiency of CG models with the

accuracy of atomistic models for systems that require

atomistic resolution only locally, for example at a reactive

group, defect or interface (called the active zone), mixed-

resolution models have been developed. These models use

a low-resolution description for the part of the system

distant from an active site and an atomistic description

for the active site and its direct environment [13–33].

The low-resolution description can be a CG model or a

mixture of CG and atomistic models.

We stress that these mixed-resolution models have the

potential to be significantly more predictive than CG

models while being computationally nearly as efficient as

CG models. This advantage originates from the fact that

CG groups in the mixed-resolution systems are usually

only indirectly interacting with the active site or interface

and are directly surrounded only by a relatively

homogeneous medium (e.g. CG water molecules in

protein-water simulations are only surrounded by CG and

AA water molecules or CG polymer units in a polymer–

solid surface system are only surrounded by CG and AA

polymer units). As a result, the accuracy in the description

of the interaction between the active site and CG group is

less critical and it seems reasonable to assume that a

mixed-resolution force field obtained from, e.g. water or

polymer simulations, can also be used (perhaps with

minor modifications) in these more complex systems that

possess interfaces and active sites.

Since the active zone may diffuse during a mole-

cular simulation or ligands may exchange in and out

of the inner coordination shell of the active site, the

mixed-resolution molecular simulation technique needs

to permit an on-the-fly reclassification (from atomistic

to low-resolution or vice versa) of atoms or groups as

they transition between the high- and low-resolution

regimes.

Previously, only the AdResS algorithm from Praprotnik

et al. [17,21–23] and the hybrid scheme from Ensing et al.

[26] permitted such a reclassification during an MD

simulation. The AdResS scheme defines an atomistic zone,

a CG zone and a mixed-resolution zone (in which the

degrees of freedom are slowly switched on or off) in the

simulation box and considers the reclassification of atoms

or groups as a ‘geometry-induced first-order phase

transition’. Using different force fields in each zone is

equivalent to using a non-conservative force field for the

whole system.1 As a result, there exists no potential energy

function for the entire system, and simulations do not

conserve either energy or angular momentum. In fact, in

order to obtain reasonable simulation results, special

thermostats have to be designed that add or remove

significant amounts of energy to the groups of atoms that

change their resolution. The hybrid scheme from Ensing

et al. integrates, in essence, the same force field as the

AdResS scheme (a different smoothing function is used),

and adds or subtracts energy terms to the system energy to

approximately conserve energy whenever a group crosses a

zone boundary. Considering that adding or subtracting

energy terms to the system energy does not alter the

trajectory (the trajectory is obtained by integrating

Newton’s second law, F ¼ ma), the hybrid scheme from

Ensing et al. does not, in principle, remove any of the

limitations of the AdResS algorithm. Overall, the AdResS

and hybrid schemes seem to be very practical methods that

are relatively easy to implement in any MD code but that

can formally only describe non-conservative systems with

non-conservative forces.

In this paper, we review our novel approach [34] for

simulating mixed-resolution systems and solving the

equations of motion for a conservative mixed atomistic

and CG system. The method is called adaptive partitioning

(AP) of the Lagrangian (APL). It is more elaborate to

implement in any MD code than previous methods, but it

is fully based on classical and statistical mechanics of

conservative systems. As a result, a microcanonical-

ensemble (NVE) simulation protocol conserves energy,

angular and linear momentum; Newton’s third law is

fulfilled; and the method is also well defined for any other

thermodynamic ensemble. After having described the

theory of the APL method, we present an efficient explicit

symplectic integrator for mixed-resolution systems,

discuss the main challenges in mixed-resolution simu-

lations, and conclude by presenting the first mixed-

resolution simulation results that prove the numerical

applicability of our technique.

2. Theory

This section is organised as follows: we first explain why

the equations of motion of a conservative mixed-

resolution system are not given by Newton’s second law

but by the more general Euler–Lagrange equations. Then,

we describe our procedure for obtaining a smooth mixed-

resolution Lagrangian and Hamiltonian function. Finally,

we conclude by illustrating how to extend our method to

multiple active zones and various thermodynamic

ensembles.
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2.1 Why the equations of motion are not given by
Newton’s second law

MD simulations of AA and CG systems usually involve

integrating Newton’s second law,

mi €qi ¼ Fi ¼ 2
›V

›qi
; ð2Þ

where mi is the mass of atom or CG site i, qi is a generalised

(often a Cartesian) coordinate of site i, q̈i is the second time

derivative of qi,V is the system potential energy, and Fi is the

force acting on site i. Equation (2) can be derived from the

more general Euler–Lagrange equations that describe

the evolution of any classical system, if we assume that the

Lagrangian, L ¼ T 2 V, is not an explicit function of time,

the system potential energy, V, is only a function of the

generalised coordinates, qi, and the system kinetic energy, T,

is only a function of the first time derivative of the

generalised coordinates, q̇i (i.e. the generalised velocities)

[35]. These assumptions are usually fulfilled for most

molecular simulation systems, where the system kinetic

energy is usually given by T ¼
P

ið1=2Þmi _q
2
i .

In contrast, in mixed-resolution systems, the resolution

of a group of atoms changes depending on the coordinates

of the group of atoms (high resolution close to an active

zone and low resolution far away from an active zone).

Consequently, the degrees of freedom of a group of atoms

also change depending on the coordinates of the group,

and the kinetic energy functional of the system has to be

both velocity and coordinate dependent. It is well known

that for coordinate-dependent kinetic energies, Newton’s

second law cannot be derived from the Euler–Lagrange

equations and is not valid for conservative systems [35].

The equations of motion of a conservative mixed-

resolution system that allows for a change in resolution

of groups of atoms and in which resolution changes are

specified by coordinates are given by the Euler–Lagrange

equations or the equivalent Hamilton equations. It is the

main task of this section and the key idea of the APL

method to design a single physically meaningful and

smooth Lagrangian function that can be used to derive a

conservative Hamiltonian for a mixed-resolution system.

2.2 Adaptive partitioning of Lagrangian functions

The APL method starts with an atomistic description of a

system and classifies all atoms into groups with group

coordinates that become the interaction sites for those

groups that are CG in the low-resolution description of the

system. In the following, we limit our discussion to group

coordinates (CG sites) that are the centres of mass of the

atoms the specific group is composed of. This choice is

motivated by Noid et al.’s observation that a sufficient

condition for the development of a ‘consistent’ CG model

is that the CG site is positioned at the centre of mass of

their underlying atomistic structure (assuming the CG site

has a CG mass equal to the sum of their underlying

atomistic masses) [11,12]. ‘Consistent’ in this context

means that the low-resolution (CG) model samples the

momentum space with the same probability as the centre

of mass of the high-resolution (AA) model.

Next, we define a particular atom or a group of atoms,

called an active site, as the centre of an active zone that

needs to be modelled atomistically. Although the APL

scheme can involve multiple active zones and each active

zone can be defined very generally, we limit our discussion

here to a single spherical active zone surrounded by a

spherical-shell buffer zone (defined with inner and outer

radii, rmin and rmax) and an environmental zone (which

comprises the rest of the system, which need not be

spherical). Extensions to systems with multiple active zones

are described in Section 2.4. At any time, all of the atoms of

a given group are always considered to be in the same zone

specified by the location of the group coordinates. Groups in

the active zone and the buffer zone possess an explicit

atomistic structure. In contrast, groups of atoms located in

the environmental zone are described only by their

low-resolution interaction sites. The atomistic structure of

these groups does not have to be specified, and only the

group coordinates have to be stored. The possibility of using

an all-atomistic resolution in all zones (the force-field has

different resolutions) is discussed in Section 3.

The purpose of the buffer zone is to be able to design a

smooth Lagrangian function or for that matter, a smooth

kinetic and potential energy of the system when groups are

entering or leaving the active zone. A smooth kinetic and

potential energy are necessary requirements for obtaining

stable long time trajectories [1]. The thickness of the buffer

depends on the numerical integration time step and the

low-resolution and atomistic description but might be,

for example, a few angstroms. Figure 1 illustrates the

partitioning of a system into three zones for a lithium ion–

water system with the lithium ion specifying the active zone

in which water molecules have atomistic resolution, the

buffer zone in which water molecules have a partially

atomistic and partially CG resolution, and the environmental

zone in which the water molecules have a CG resolution.

For illustrative purposes, a single water molecule has been

CG into a single CG site.

Next, we introduce the first key assumption of the APL

method. We assume that it is possible to design a

physically meaningful mixed-resolution Lagrangian for a

fixed number of v CG and m atomistic groups. To keep

the notation simple, we will write in the following the

equations for the case where every group has the same

number A of atoms, but the generalisation to Aa atoms in

group a is straightforward, i.e.

L ðm;vÞ ¼
Xv
a¼1

1

2
MaU

2
a þ

XAm
k¼1

1

2
mku

2
k 2 V ðm;vÞ; ð3Þ
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where Ma ¼
PA

k¼1m
ðaÞ
k is the mass of group a, Ua is the

velocity of its group coordinate, mðaÞ
k is the mass of atom k

in group a, uk is its velocity vector (ukx,uky,ukz)
T, and V (m,v)

is the potential energy describing all interactions between

the low-resolution and atomistic sites. The assumption of

being able to design a physically meaningful Lagrangian,

L (m,v), depends heavily on being able to determine a

meaningful mixed-resolution potential energy, V (m,v).

Previously published simulation results from various

research groups suggest that this is possible [13–33]; but

we will further discuss this issue in Section 4.

The second assumption of the APL method is that if, at

one instant in time during a molecular simulation, there are

M groups of atoms in the active zone, K groups of atoms in

the buffer zone, and N groups of atoms in the

environmental zone, then we can define a physically

reasonable mixed-resolution Lagrangian, L AP, as a linear

combination of all possible combinations of Lagrangian

functions that are obtained by treating the active zone and

a subset of the K groups in the buffer zone at a high level of

resolution (and the rest at a low level of resolution),

LAP ¼ LAPðL ½0�; {L ½1�}; . . . ; L ½K�Þ; ð4Þ

where {L [J ]} denotes all K!/J!(K 2 J)! possible Lagrangian

functions that can be obtained by considering various

choices of J buffer-zone groups to be atomistic. Specifically,

we assume that a meaningful Lagrangian function, L AP, can

be obtained by extending our previously developed AP

method for multilevel (e.g. QM/MM) potential energies [36]

to high- and low-resolution Lagrangian functions. The AP

procedure guarantees that a smooth Lagrangian function,

L AP, is obtained when a group of atoms enters or leaves the

buffer zone and changes its resolution [34,36].

To further simplify the notation, we will denote the

Lagrangian as Lab . . . u when groups a,b, . . . ,u in the buffer

zone are considered as atomistic and g, d, . . . ,K 2 u as

having a low resolution. The Lagrangian obtained by

treating the active and buffer zone at the atomistic

resolution can be written as

Lab ...K ¼ Lþ
X

a¼1; ... ;K

ðLa2LÞ

þ
X

a¼1; ... ;K21
b¼aþ1; ... ;K

Lab2 Lþ
X
m¼a;b

ðLm2LÞ

" #( )

þ
X

a¼1; ... ;K22
b¼aþ1; ... ;K21
g¼bþ1; ... ;K

Labg2 Lþ
X

m¼a;b;g

ðLm2LÞ

 "

þ
X

ðs;tÞ¼ða;bÞ;ða;gÞ;ðb;gÞ

Lst2 Lþ
X
m¼a;b

ðLm2LÞ

" #( )!#
þ · · ·; ð5Þ

where L corresponds to u ¼ 0, i.e. only the groups in the

active zone have an atomistic resolution. In the AP

procedure of Lagrangian functions all high-resolution

Lagrangian contributions from groups a in the buffer zone

are smoothed according to their radial coordinate ra
(distance between group a and the centre of the active site)

LAP ¼ Lþ
X

a¼1; ... ;K

SaðLa2LÞ

þ
X

a¼1;; ... ;K21
b¼aþ1;; ... ;K

SaSb Lab2 Lþ
X
m¼a;b

ðLm2LÞ

" #( )

þ
X

a¼1;; ... ;K22
b¼aþ1;; ... ;K21
g¼bþ1;; ... ;K

SaSbSg Labg 2 Lþ
X

m¼a;b;g

ðLm2LÞ

 "

þ
X

ðs;tÞ¼ða;bÞ;ða;gÞ;ðb;gÞ

Lst2 Lþ
X
m¼a;b

ðLm2LÞ

" #( )!#
þ · · ·; ð6Þ

where Sa is a fifth-order spline

SaðVaÞ ¼ 26V5
a þ 15V4

a 2 10V3
a þ 1 ð7Þ

and Va is given by

Va ¼
ra 2 rmin

rmax 2 rmin

; for rmin , ra , rmax: ð8Þ

Different functional forms for the spline functions Sa
are possible and our choice is only motivated by its

simplicity and property that the mixed-resolution Lagran-

gian, L AP, becomes a twice differentiable function.

Figure 1. Partitioning of a Liþ-ion/water system into an active
zone specified by the Liþ-ion, an environmental zone, and a
buffer zone separating the active from the environmental zone.
Groups of atoms, such as water molecules, in the active zone
have a high (atomistic) resolution, groups in the environmental
zone have a low (CG) resolution, and groups in the buffer zone
have a mixed resolution.
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Substituting Equation (3) into Equation (6), we obtain

LAP ¼ Tþ
X

b¼1; ... ;K

SbðTb2TÞ2V AP ¼T AP 2V AP

¼
XN
a¼1

1

2
MaU

2
aþ
XAM
k¼1

1

2
mku

2
k

þ
XK
b¼1

ð12SbÞ
1

2
MbU

2
bþSb

XA
i¼1

1

2
miu

2
i

" #
2V AP; ð9Þ

where T is the kinetic energy of the active zone treated on

an all-atomistic level and all other groups treated on a low-

resolution level, Tb is the kinetic energy of the active zone

and group b in the buffer zone treated on an all-atomistic

level and all other groups treated on a low-resolution level,

TAP is the mixed-resolution kinetic energy, and VAP is the

potential energy calculated with the permuted AP method

[36] applied to the mixed atomistic and low-resolution

potential energy functions, V (m,v), i.e.

V AP¼Vþ
X

a¼1;...;K

SaðVa2VÞ

þ
X

a¼1;...;K21
b¼aþ1;...;K

SaSb Vab2 Vþ
X
m¼a;b

ðVm2VÞ

" #( )

þ
X

a¼1;...;K22
b¼aþ1;...;K21
g¼bþ1;...;K

SaSbSg Vabg2 Vþ
X

m¼a;b;g

ðVm2VÞ

 "

þ
X

ðs;tÞ¼ða;bÞ;ða;gÞ;ðb;gÞ

Vst2 Vþ
X
m¼a;b

ðVm2LÞ

" #( )!#
þ ···; ð10Þ

where the nomenclature is similar to Equation (6).

Equation (6) can be simplified to

LAP ¼
X

w¼x;y;z

XN
a¼1

1

2
MaU

2
a;w þ

XAM
k¼1

1

2
mku

2
k;w

(

þ
XK
b¼1

ð1 2 SbÞ
1

2
MbU

2
b þ Sb

XA
i¼1

1

2
miu

2
i

" #)
2 V AP

¼
X

w¼x;y;z

XN
a¼1

1

2
Ma

8>>>><
>>>>:

U2
a;w þ

XAM
k¼1

1

2
mku

2
k;w

þ
XK
b¼1

ð1 2 SbÞ
1

2
ðu

ðbÞ
1;w . . . u

ðbÞ
A;wÞM

ðbÞ
D

u
ðbÞ
1;w

..

.

u
ðbÞ
A;w

0
BBBB@

1
CCCCA

2
66664

þ Sb
1

2
ðu

ðbÞ
1;w . . . u

ðbÞ
A;wM

ðbÞ
M

u
ðbÞ
1;w

..

.

u
ðbÞ
A;w

0
BBBBB@

1
CCCCCA

3
777775

9>>>>>=
>>>>>;

2 V AP

¼
X

w¼x;y;z

XN
a¼1

1

2
MaU

2
a;w þ

XAM
k¼1

1

2
mku

2
k;w

2
66664

þ
X

b¼1 ...K

1

2
ðu

ðbÞ
1;w . . . u

ðbÞ
A;wL

ðbÞ

u
ðbÞ
1;w

..

.

u
ðbÞ
A;w

0
BBBBB@

1
CCCCCA

3
7777752V AP; ð11Þ

where u
ðbÞ
k is the velocity of atom k of group b in the buffer

zone, and L (b) is a coordinate-dependent mass matrix of

group b. The mass matrix L (b) is given by

LðbÞ ¼ ð1 2 SbÞM
ðbÞ
D þ SbM

ðbÞ
M

h i
ð12Þ

with

M
ðbÞ
D ;

1

Mb

m
ðbÞ
1

..

.

m
ðbÞ
A

0
BBBB@

1
CCCCA m

ðbÞ
1 . . .m

ðbÞ
A

� �
2
66664

3
77775 ð13Þ

and

M
ðbÞ
M ;

m
ðbÞ
1 . . . 0

..

. . .
. ..

.

0 . . . m
ðbÞ
A

2
66664

3
77775: ð14Þ

Equation (11) shows that the mixed-resolution

Lagrangian for the system allows for a change in

resolution of selected groups of atoms during a MD

simulation by making the kinetic energy part of the

adaptively partitioned Lagrangian a functional of the

splines. As mentioned in Section 2.1, such a coordinate

dependent kinetic energy functional is a requirement for

any conservative mixed-resolution system.

2.3 Adaptive partioning of Hamiltonian functions

Having defined a mixed-resolution Lagrangian function,

we can calculate the generalised momenta pi ¼ ›L/›ui
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and the mixed-resolution Hamiltonian function H AP [35].

We note that this procedure is possible since the phase

space dimensionality of the system is constant during an

APL simulation and equal to the all-atomistic phase space

dimensionality. Only the number of interaction sites and

degrees of freedom are reduced and vary during an APL

simulation. Consequently, we obtain

H AP¼
X
i

uipi2LAP¼Hþ
X

a¼1;...;K

SaðHa2HÞ

þ
X

a¼1;...;K21
b¼aþ1;...;K

SaSb Hab2 Hþ
X
m¼a;b

ðHm2HÞ

" #( )

þ
X

a¼1;...;K22
b¼aþ1;...;K21
g¼bþ1;...;K

SaSbSg Habg2 Hþ
X

m¼a;b;g

ðHm2HÞ

 "

þ
X

ðs;tÞ¼ða;bÞ;ða;gÞ;ðb;gÞ

Hst2 Hþ
X
m¼a;b

Hm2H
� �" #( )!#

þ ···

¼ T APþV AP

¼
X

w¼x;y;z

XN
a¼1

P2
a;w

2Ma

þ
XAM
k¼1

p2
k;w

2mk

2
6664

þ
X

b¼1...K

1

2
ðp

ðbÞ
1;w ...p

ðbÞ
A;wÞðL

ðbÞÞ21

p
ðbÞ
1;w

..

.

p
ðbÞ
A;w

0
BBBBB@

1
CCCCCA

3
777775þV AP; ð15Þ

where the Hamiltonian description is analogous to

Equation (6) and Pa is the total momentum of group a.

The main advantage of having derived a mixed-

resolution Hamiltonian is that we can analytically prove

that the Hamiltonian conserves energy and linear and

angular momentum. Since insertion or removal of

atomistic structure on the boundaries of the buffer zone

does not alter the kinetic energy, potential energy, or

immediate trajectory of the group, the proof that the

Hamiltonian conserves energy follows directly from

the derivation of the Hamiltonian and the fact that the

Hamiltonian has been shown to simply be the sum of the

mixed-resolution kinetic and potential energies [35].

To show that the mixed-resolution Hamiltonian, H AP,

conserves linear and angular momentum, it is necessary to

show that the Poisson bracket of the linear momentum and

the Hamiltonian, and the Poisson bracket of the angular

momentum and the Hamiltonian are zero [35]. Requiring

conservation of linear and angular momentum imposes

constraints on the definition of low-resolution sites and

Heyden and Truhlar [34] have recently proven that for

group coordinates positioned at the centre of mass of their

underlying atomistic structure, linear and angular momen-

tum are mathematically conserved.

2.4 Extensions to multiple active zones

In this section, we discuss necessary extensions of the APL

method to study systems with multiple active zones,

including the possibility that they merge during the

simulation. Examples of systems where this extension

could be useful are solutions containing multiple ions and

counterions, or a system of polymer molecules interacting

with a solid surface.

We assume that there are O active zones in the system

that are each surrounded by a buffer zone. All active zones

and their buffer zones are immersed in a single

environmental zone. As before, the buffer and environ-

mental zones contain groups, and each active zone is

centred on an active site. Altogether, there are K groups in

the buffer zones. The first step of this extended APL

method is to calculate the distance raj of all K groups a in

the buffer zones to all O active sites j, i.e. we generalise ra
of previous sections to raj. Assuming spherical active

zones, dimensionless distances can be defined as

Vaj ¼
raj 2 rmin; j

rmax; j 2 rmin; j
; for rmin; j , raj , rmax; j; ð16Þ

where rmin, j and rmax, j define the buffer zone around the

active zone j. (In principle, the APL method is not limited

to spherical active and buffer zones. In fact, both zones can

have an arbitrary shape and only the parameter Vaj,

defined in Equation (16), has to be adjusted to the

geometric shape of both zones.) Next, the spline functions

S̃aj are calculated

~Saj Vaj

� �
¼ 26V5

aj þ 15V4
aj 2 10V3

aj þ 1: ð17Þ

To define a global smoothing function Sa of group a in the

system that is zero only if all S̃aj ( j ¼ 1, . . . ,O) are zero,

one whenever at least one S̃aj ( j ¼ 1, . . . ,O) is one, and

increases monotonously with increasing S̃aj ( j ¼ 1, . . . ,O),

we set

Sa ¼ 1 2
YO
j¼1

ð1 2 ~SajÞ: ð18Þ

The only change in this extended APL method is that

Equation (18) replaces Equation (7) and L in Equation (6)

is now the Lagrangian with all groups present in at least

one active zone treated at a high resolution, La is the

Lagrangian with all groups present in at least one active

zone and group a treated at a high resolution, etc. Figure 2

illustrates the use of this extended APL method for the

study of a polymer–solid surface system in which selected

surface atoms are used to define an active interface zone.
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2.5 Extensions to various thermodynamic ensembles

Having defined a single Lagrangian function for a mixed-

resolution system, standard procedures for extending the

Lagrangian to conditions such as constant temperature and

pressure can be applied [2,37–39]. We only stress here that

the effective number of degrees of freedom, D, for a specific

time or configuration can (as the kinetic energy) be explicitly

dependent on coordinates and, furthermore, be a non-integer

number

D ¼ 3N þ 3AM þ 3K þ 3
X

a¼1; ... ;K

SaðA2 1Þ: ð19Þ

Properties such as the average temperature, kTl, can still be

calculated as

Th i ¼ 2
T AP

D

� �
; ð20Þ

where k· · ·l denotes a phase space average.

3. An explicit symplectic integrator for mixed-

resolution simulations

In addition to being able to define a mixed-resolution

Hamiltonian that mathematically conserves energy and

linear and angular momentum, the practical applicability

of any mixed-resolution technique requires the availability

of an efficient symplectic integrator (geometric integrator

that numerically conserves energy). Since there exists in

general no explicit symplectic integrator for Hamiltonian

functions with coordinate-dependent kinetic energies [40],

we previously derived an implicit symplectic generalis-

ation of the leapfrog algorithm that solves Hamilton’s

equations of motion with a single force evaluation per time

step [34]. Implicit integrators are usually less convenient

to use, more elaborate to implement, and slower.

Therefore, we present in this section an explicit symplectic

integrator for mixed-resolution systems. This algorithm

can be derived from the generalised leapfrog algorithm if

we require that all group coordinates (low-resolution sites)

be consistently placed on the centre of mass of the

underlying atomistic structure [41].

For most high- and low-resolution sites, the algorithm

is equivalent to the standard leapfrog algorithm and

consists of three steps

ð1Þ p
nþð1=2Þð Þ
k;v ¼ pðnÞk;v 2

Dt

2

›V AP;n

›qk;v
;

ð2Þ qðnþ1Þ
k;v ¼ qðnÞk;v þ Dt

p
nþð1=2Þð Þ
k;v

mk

;

ð3Þ pðnþ1Þ
k;v ¼ p

ðnþð1=2ÞÞ
k;v 2

Dt

2

›V AP;nþ1

›qk;v
;

ð21Þ

where n, n þ (1/2) and n þ 1 symbolise a point in time,

v [ {x, y, z}, pk,v is the generalised momentum of atom k

in v-direction, qk,v is the generalised coordinate of atom k

in v-direction, and Dt is the time step. Only for groups a in

the buffer zone and atoms (or groups) that define the centre

of the active zone is it necessary to change the integration

algorithm. Step (1) involves now two steps

ð1aÞ ~p
ðnþð1=2ÞÞ
k;v ¼pðnÞk;v2

Dt

2

›V AP;n

›qk;v

ð1bÞ p
ðnþð1=2ÞÞ
k;v ¼ ~p

ðnþð1=2ÞÞ
k;v þ

Dt

4

X
w¼x;y;z

X
b¼1;...;K

~p
ðbÞ
1;w... ~p

ðbÞ
A;w

� �ðnþð1=2ÞÞ

ðLðb;nÞÞ21

2
6666664

M
ðbÞ
M

h
2M

ðbÞ
D

i
ðLðb;nÞÞ21

~p
ðbÞ
1;w

..

.

~p
ðbÞ
A;w

0
BBBBB@

1
CCCCCA

nþð1=2Þð Þ

›SðnÞb

›qk;v

3
7777775
; ð22Þ

where p̃k,v has no specific physical meaning. Similarly,

step (2) becomes a two-step procedure

ð2aÞ

~q1;v

..

.

~qA;v

0
BBBB@

1
CCCCA

ðnþ1Þ

¼

q1;v

..

.

qA;v

0
BBBB@

1
CCCCA

ðnÞ

þ
Dt

Ma

XA

k¼1
pðaÞk;v

ðnþ1=2Þ

1

..

.

1

0
BBB@

1
CCCA;

Figure 2. Partitioning of a polymer (not shown)/solid surface
system into an active zone specified by multiple surface atoms, an
environmental zone, and a buffer zone separating the active from
the environmental zone. Groups of atoms in the active zone have
a high (atomistic) resolution, groups in the environmental zone
have a low (CG) resolution, and groups in the buffer zone have a
mixed resolution.
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ð2bÞ

q1;v

..

.

qA;v

0
BBBB@

1
CCCCA

ðnþ1Þ

¼

q1;v

..

.

qA;v

0
BBBB@

1
CCCCA

ðnÞ

þ
Dt

2

Lða;nÞ
� �21

pðaÞ1;v

..

.

pðaÞA;v

0
BBBBB@

1
CCCCCA

nþð1=2Þð Þ

þ

~Lða;nþ1Þ
� �21

pðaÞ1;v

..

.

pðaÞA;v

0
BBBBB@

1
CCCCCA

nþð1=2Þð Þ

2
666666666666666666664

3
777777777777777777775

;

ð23Þ

where we have used vector notation for atoms belonging to

a specific group and the coordinates (q̃1,v , . . . , q̃A,v)
T are

used to calculate the mass matrix L̃ (a, nþ1). We note that

steps 2(a) and (b) reduce for atoms defining the centre

of the active zone to step (2) in the standard leapfrog

algorithm illustrated in Equation (21). Finally, step (3)

becomes

ð3Þ pðnþ1Þ
k;v ¼p

ðnþð1=2ÞÞ
k;v 2

Dt

2

›V AP;nþ1

›qk;v

þ
Dt

4

X
w¼x;y;z

X
b¼1;...;K

p
ðbÞ
1;w ...p

ðbÞ
A;w

� �ðnþð1=2ÞÞ

2
6666664

�ðLðb;nþ1ÞÞ21 M
ðbÞ
M 2M

ðbÞ
D

h i
ðLðb;nþ1ÞÞ21

�

p
ðbÞ
1;w

..

.

p
ðbÞ
A;w

0
BBBBB@

1
CCCCCA

ðnþ1=2Þ

›Sðnþ1Þ
b

›qk;v

3
7777775
: ð24Þ

APL simulations can be performed with an all-

atomistic resolution in all zones (the force-field still has

different resolutions). In this case, the Hamiltonian

propagates the atomistic structure of groups in the

environmental zone in parallel to the group coordinates,

and the APL scheme and integrator are time-reversible.

The main disadvantage of this approach is that the whole

all-atomistic system, including the atomistic structure of

groups in the environmental zone, has to be equilibrated

with an all-atomistic force field to obtain a statistically

unbiased initial structure. This step is often computation-

ally unfeasible. To eliminate this extra procedure, we

propose to use the APL algorithm with reduced-

dimensionality in the environmental zone, integrate only

the group coordinates of groups in the environmental zone,

and only insert the atomistic structure of a group as it

enters the buffer zone from the environmental zone. Thus,

we need an algorithm for determining atomistic structure

of a group during the simulation. There are two

requirements: (i) the procedure should generate appro-

priate atomic coordinates for the simulation conditions

without changing the group coordinate. (ii) The configur-

ation space should be sampled with a probability similar to

that of an all-atomistic simulation. One possible procedure

is to randomly generate an atomistic configuration for the

group entering the buffer zone that satisfies requirement

(i), and then to perform a constrained MD simulation to

relax the newly placed atoms in the force field of all the

other atoms and groups. During this process, only the

newly placed atoms move (the group coordinates are

fixed) and all atoms in the buffer and core zone are

considered explicit. Other procedures for inserting

atomistic structure based on Monte Carlo methods are

also possible [42,43].

We note that no velocities but only atomic coordinates

have to be generated in the APL scheme when a group

enters the buffer zone from the environmental zone. For

groups on the boundary between the buffer and

environmental zone, the atomic velocities are the same

as the velocity of the group coordinate. The Hamiltonian

automatically reintroduces intra-group velocities as a

group in the buffer zone moves towards the active zone

and it removes intra-group kinetic energy as a group in the

buffer zone moves towards the environmental zone.2

Furthermore, the AP potential energy is independent of

the atomistic structure of a group on the boundary between

buffer and environmental zone so that the insertion of

atomic structure yields both a continuous kinetic energy

and a continuous potential energy, and the APL scheme is

time-reversible in group coordinates and momenta.

4. The main challenge in mixed-resolution multiscale

simulations

The APL scheme is currently the only algorithm that

solves the Euler–Lagrange equations of motion for a

conservative mixed-resolution system, is computationally

efficient and can easily be extended to any thermodynamic

ensemble. Nevertheless, the applicability of the APL

scheme will greatly depend on our ability to define a

physically meaningful mixed-resolution Lagrangian/

Hamiltonian. The problem is in many respects similar to

those encountered in developing physical CG potential

energy functions. Again, we require that a good
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mixed-resolution Hamiltonian satisfies

expð2F=kBTÞ ¼
1

NAA!h3NAA

ð
dqAA dpAA

� expð2HAAðqAA; pAAÞ=kBTÞ

<
1

NAA!h3NAA

ð
dqAA dpAA

� expð2H APðqAA; pAAÞ=kBTÞ;
ð25Þ

where NAA is the total number of atoms in the system,

h is the Planck’s constant, HAA(qAA, pAA) is the atomistic

Hamiltonian, qAA and pAA are the atomistic phase space

variables, and only the domain over which the integration

is performed is different in the AA and mixed-resolution

cases. Consequently, the mixed-resolution Hamiltonian or

more precisely, the mixed-resolution potential energy,

VAP, is a free energy that includes some entropic

contributions. If we assume that the AP procedure (the

mixing of potential energy functions) is not a critical step

that introduces unphysical behaviour, then Equation (25) is

equivalent to requiring for all potential energy functions,

V (m,v), with a fixed number of v CG and m atomistic

groups to satisfy

expð2F=kBTÞ ¼ ðconst:Þ

ð
dqAA expð2VAAðqAAÞ=kBTÞ

< ðconst:ðm;vÞÞ

ð
dq

m
AA dqvCG

� expð2V ðm;vÞðq
m
AA; q

v
CGÞ=kBTÞ; ð26Þ

where q
m
AA and qvCG are the atomistic and CG coordinates,

respectively, and (const.) and (const.(m,v)) are normal-

isation constants. We note that satisfying Equations (25)

and (26) is more elaborate than satisfying Equation (1)

since we are also required to determine the state dependent

constants, (const.(m,v)). In other words, all potential energy

functions, V (m,v), have to be determined with reference to

the same point or an average of points in the all-atomistic

phase space of the system (e.g. a point in configuration

space with all momenta equal to zero), and the absolute

magnitude of the potential energy functions effects

Equation (25) and is thermodynamic-state dependent.

Future work will show how much more difficult the

determination of a physical mixed-resolution Hamiltonian,

H AP, is in comparison to obtaining a physical CG force

field.

Finally, we note that for K groups in the buffer zone, 2K

potential energy functions have to be evaluated to

determine the AP potential energy, VAP. While this step

can computationally become very time consuming, we note

that for classical mixed-resolution force-fields that consist

of additive many-body interaction terms, the compu-

tational overhead is usually negligible. For example, for

pairwise potentials, Equation (10) reduces to

V AP ¼ V þ
X

a¼1; ... ;K

SaðVa 2 VÞ

þ
X

a¼1; ... ;K21
b¼aþ1; ... ;K

SaSb Vab 2 V þ
X
m¼a;b

Vm 2 V
� �" #( )

ð27Þ

and the computational effort scales as {ð1=2ÞðAMþNþKÞ

ðAMþNþK21Þþð1=2ÞAKðAMþNÞþð1=2Þ AKðAK21Þ}.

Consequently, the computational overhead of the APL

procedure, {(1/2)AK(AM þ N) þ (1/2)AK(AK 2 1)},

is negligible if the number of atoms in the buffer zone,

AK, is small in comparison to the number of interaction

sites in the active and environmental zone, AM þ N.

5. Mixed-resolution MD simulations of supercritical
methane

In this section, we numerically test the energy and linear

momentum conservation properties of the APL method

and the symplectic integrator. The model system consists

of 64 methane molecules in a periodic box with a box

length of 20.8 Å. (The density of methane is 0.189 g/cm3

and therefore slightly above the critical density of

methane which is 0.162 g/cm3.) The centre of mass of

one methane molecule is chosen to be the centre of the

active zone in which the methane molecules have

atomistic resolution. The radius of the active zone is

rmin ¼ 7 Å, the buffer zone is 1 Å thick, and a single

methane molecule in the environmental zone is CG into a

single low-resolution site. For the case considered here

with no covalent bonds between groups, there is

considerable freedom in the choice of the mixed-

resolution potential energy functional for a fixed number

of v CG and m atomistic groups, but one reasonable

possibility is

V ðm;vÞ ¼ V mþv þ ðV
m
AA 2 V mÞ þ 3ðA2 1ÞvkBT0; ð28Þ

where V mþv is the potential energy of the entire system

described by a low-resolution force field, V
m
AA is the

potential energy of the m active groups described by an

atomistic force field, V m is the potential energy of the m

active groups described by the low-resolution force field,

and A is the number of atoms per group, i.e. A ¼ 5. We

have used the force-shifted CHARMM potential [44] with

a cut-off radius of 10 Å to describe the atomistic methane

molecules and the force-shifted OPLS-UA potential [45]

with a cut-off radius of 10 Å to describe the CG methane

molecules. The Lorentz–Berthelot mixing rule [1] has

been used for calculating the interaction between high-

and low-resolution sites. Since the low-resolution force

field does not include energy contributions of the implicit

degrees of freedom at a finite temperature, Equation (28)
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includes kBT0 for each implicit degree of freedom in the

low-resolution description of the potential energy V (m,v),

where T0 ¼ 300 K is the average simulation temperature

we initially intended to study (the actual average

temperature of our simulation in the NVE ensemble has

been 319 K). We note that the choice of kBT0 per degree

of freedom is motivated by considering all implicit

degrees of freedom to be harmonic [46]. While the

described procedure for developing a mixed-resolution

potential energy function for methane molecules does not

exactly fulfil Equation (26), we note that the objective of

the performed simulations has not been to realistically

model supercritical methane but to test the conservation

properties of our algorithm. Future work will show how

difficult it is to determine a mixed-resolution Hamiltonian

that permits the simulation of complex physical

phenomena. Figure 3 illustrates the kinetic, potential

and total energy of the system during a simulation in the

NVE ensemble. For an integration time step of 0.05 fs and

a simulation length of 1 ns, the total energy is conserved

during the simulation. (We note that the integration time

step has not been optimised for efficiency and the

computational efficiency can be significantly improved if

multiple-time-step techniques are used [47].) Figure 4,

furthermore, shows that the linear momentum of the

system is also approximately conserved during the

simulation. While there seems to be a small drift in

the total linear momentum per methane molecule, the size

of the drift ,10214 amu Å ns/fs is negligible. Overall, the

developed explicit symplectic integrator of our APL

method illustrates excellent numerical conservation

properties.

6. Conclusions

In conclusion, we have derived a Hamiltonian and

presented an explicit symplectic integrator for conserva-

tive mixed-resolution systems that allows for a change in

resolution of selected groups of atoms during a MD

simulation. We numerically verified our previous analyti-

cal proof that a NVE simulation protocol with this

Hamiltonian and numerical integrator conserves energy

and momentum. Extensions of our novel method to

various thermodynamic ensembles and multiple active

zones that might merge during a simulation have also been

described. Overall, for systems that require atomistic

resolution only for a small part or parts of the simulation

system, the APL method permits a simulation with

accuracy comparable to an atomistic one at the

computational cost of a CG one. The main challenge in

mixed-resolution simulations is the determination of a

physically meaningful mixed-resolution force field. Both

‘inverse’ coarse-graining techniques [48,49] (wherein

macroscopic thermodynamic properties are used to

parameterise the mixed-resolution force field) and multi-

scale coarse-graining methods [5,10] (that use atomistic

molecular simulations in a ‘bottom up’ approach to

parameterise mixed-resolution force fields) will likely play

a major role in their development. Considering that mixed-

resolution simulations have the potential to be more

predictive than CG simulations, the presented multiscale

approach together with the efficient generation of accurate

mixed atomistic and CG force fields provide a new route to

model complex systems that require only locally (i.e. close

to an active site or interface) an atomistic level of theory.
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Figure 3. Kinetic, potential, and total energy per methane
molecule during a microcanonical (NVE) simulation of 64 CH4

molecules in a periodic box (box length ¼ 20.8 Å) and at an
average temperature of 319 K. The centre of mass of a specific
CH4 molecule defines the centre of a high resolution zone
(rmin ¼ 7 Å ; rmax ¼ 8 Å).

Figure 4. Linear momentum per CH4 molecule during a
microcanonical (NVE) simulation of 64 CH4 molecules in a
periodic box (box length ¼ 20.8 Å) and at an average temperature
of 319 K. The centre of mass of a specific CH4 molecule defines
the centre of a high resolution zone (rmin ¼ 7 Å ; rmax ¼ 8 Å).
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Notes

1. The curl of a force field is zero if the force field is
conservative, but it can be shown that the curl of the force
field in the AdResS scheme is in general not equal to zero for
groups in the buffer zone.

2. Reference [34] erroneously mentions that the group
coordinate should be placed on one of the atoms of the
group. Such a procedure prevents the Hamiltonian from
reintroducing the intra-group velocities and is therefore not
recommended.
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